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Abstract

The repeated median line estimator is a highly robust method for fitting a regression line to a set ofn data points in the plane
In this paper, we consider the problem of updating the estimate after a point is removed from or added to the data
problem occurs, e.g., in statistical online monitoring, where the computational effort is often critical. We present a dete
algorithm for the update working in O(n) time and O(n2) space.
 2003 Elsevier B.V. All rights reserved.
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A fundamental problem in modern data analy
is robust fitting of a straight line to a sample of da
points in the plane. Robustness is essential in m
modern applications where data are routinely collec
and time-consuming screening of the data is not p
sible prior to the data analysis. We are at risk of dra
ing wrong conclusions when using non-robust me
ods which do not provide protection against spurio
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cloud may change the least squares estimate re
sion completely [1]. In order to cope with such out
ing points, robust approaches have been propose
line fitting, e.g., the Theil–Sen estimator [2], the le
median of squares estimator [3], and the repeated
dian estimator [4].

A common measure of the robustness of an esti
tor is its finite sample replacement breakdown po
This breakdown point is the minimal fraction of da
points that may carry the estimate ‘beyond all boun
when it is replaced by arbitrary values. The repea
median was the first regression estimator to atta
breakdown point of 50% asymptotically, i.e., for
large sample size, which is the optimum for a regr
sion equivariant estimator [1]:

.
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Definition 1 (Repeated median). Givenn points(x1,

y1), . . . , (xn, yn) ∈ R
2, xi �= xj , i, j ∈ {1, . . . , n}, de-
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In this paper, we present an algorithm which performs
an update step in O(n) time and O(n2) space. In Sec-
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note the slope of the line through(xi, yi) and(xj , yj )

by aij = (yi − yj )/(xi − xj ). Here, we define the me
dian of a set ofn elements as the element with ra
�n/2	 in the sorted order. The repeated median e
mator(βRM,µRM) is defined by

βRM = med
i=1...n

med
j=1...n, j �=i

(aij ),

µRM = med
i=1...n

(yi − βRMxi).

Since it is possible to calculate the median in l
ear time, the repeated median estimator can be c
puted brute-force in O(n2) time. Stein and Werman [5
present a sophisticated deterministic algorithm r
ning in O(n log2 n) time. A randomized algorithm i
given by Matoušek, Mount and Netanyahu [2] with
expected running time of O(n logn).

The repeated median has been proposed rec
for online signal extraction [6]. For robust approx
mation of an underlying signal from a time serie
the data points are processed by moving a wind
along the time axis, which contains exactlyn subse-
quent observations, and calculating the repeated
dian for each window. In other words, starting fro
a set ofn points a sequence of update steps is p
formed. In each step, one point is deleted at the s
and one point inserted at the end of the window bef
calculating the repeated median for the modified d
set. In this way a smooth, locally almost linear sig
can be extracted from the data. The repeated me
shows very satisfactory performance in this setting
it guarantees both protection against a large num
of outliers (measured by the breakdown point and b
curves) and moderate variability in an outlier free d
set (measured by the variance).

For online processing of high frequency data
computation time is critical. Although a straightfo
ward implementation of the repeated median may
sufficient for processing time series sampled ev
minute, a faster algorithm is called for when the va
ables are observed in much shorter time lags. In in
sive care, for instance, medical devices measure ph
ological variables at least once a second. The ques
is whether we can reduce the computation time
benefit from prior calculations since computation
the repeated median becomes an update problem
 .

tion 2, the main idea of the algorithm is described. T
details of the subroutines are given in Section 3. T
degenerate case is treated in Section 4.

2. The algorithm

In the following (x1, y1), . . . , (xn, yn) denotes a
sample of data points in the plane. According to
point-line duality, we map the point(xi, yi) to the dual
line li defined byv = xiu + yi . If we use the term
“slope” in the following, we will always refer to line
in the dual space. As we process data points from t
series, thex-coordinate measures time. Hence allxi

are distinct and the sequencex1, . . . , xn is increasing.
Thus there are no vertical lines and no two lines h
the same slope. In the dual space, we say that
point (u, v) is locatedleft of the line l if there exists
a constantc > 0 such that the point(u + c, v) is
located on the linel. The termsright of, above and
below are defined in a similar way. Let(uij , vij ) be
the intersection point of the linesli and lj . Since
the equationaij = −uij holds true, we have to fin
the medianmi = medj=1...n, j �=i (−uij ) on each line
li and the global medianβRM = medi=1...n(mi). In
Sections 2 and 3 we assume that at most two lines
intersecting in one point. The other case is handle
Section 4.

In the online scenario, one linelj is deleted
and another linelk is inserted into the arrangemen
Considering the lineli , one intersection point(uij , vij )

is deleted and one intersection point(uik, vik) is
inserted. What happens to the medianmi on li? If
the inserted and deleted points are located on diffe
sides of the current median or the current media
eliminated itself, the new median is one of the t
intersection points on the lineli in the neighborhood
of mi . If both points are located on the same side
the medianmi , the median remains unchanged.

To compute then new medians, we need a spec
data structure, a hammock graph [7], to repres
the arrangement of lines. An arrangement cons
of vertices, line segments and faces. The hamm
graph allows the algorithm to walk around a face
clockwise order and to walk along a line visiting ea
line segment in increasing or decreasing order. E
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step needs O(1) time, and O(n) steps are sufficient to
insert or delete a line. The details are described in the
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edgeei consists of five entries. Theu-coordinates of
the incident intersection points are stored in the entries

he
red

-
s a
s to

d
-

in

d in
we

ns,
s of

in
ions

ges

ph.
next section. After computing alln new medians, it
is easy to determineβRM and µRM in deterministic
linear time using the algorithm from [8], or using th
Quickselect algorithm running in expected linear tim
presented in [9]. The following theorem summariz
the results of this paper:

Theorem 2. An update of the repeated median estima-
tor can be computed in linear time.

3. The hammock graph

In this section we describe the hammock gra
which can be used to store an arrangement ofn lines,
illustrated in Fig. 1. It is organized as a doubly co
nected edge list [10]. As we need a left and rig
boundary of the arrangement, we add two vert
lines, lineL located in the negative infimum and lin
R located in the positive infimum. In this section w
considersimple arrangements, i.e., at most two lin
intersect in one point, and in the primal problem
two valuesaij are equal. The other case of a deg
erate arrangement is discussed in Section 4. Bes
there is no need to consider the problem of two pa
lel lines since we process data points from time se
and the slopes of the lines are strictly increasing.

The lines of the arrangement divide the space
faces so that each line segment is adjacent to exa
two faces. A line segment is represented by a direc
edge in the data structure and the description of
uLeft anduRight. The next edges walking around t
two adjacent faces in clockwise direction are sto
in the entry “edge”, containing the edgeej incident
to the right intersection point ofei , and the edge in
cident to the left intersection point. Each edge ha
designated direction, the arrowhead always point
the right hand side. If the next edgeej points to the re-
verse direction asei with respect to the walk aroun
the face, then the first entry in “direction” is “1”, oth
erwise “0”. We say that a linel supports an edgee if
this edgee represents a line segment ofl. We denote
this by l(e). The line supporting the edge is stored
the entry “line”.

In contrast to usual graphs, no vertices are store
the hammock graph. To simplify the description,
will use the termimplicit vertex. In the figures, each
implicit vertex is displayed as a dashed circle.

The hammock graph allows two basic operatio
the walk around faces and the walk along the edge
a line. To determine the next edge in both walks, O(1)

time is sufficient if no more than two lines intersect
one point. In the next three subsections, the operat
relevant for an update are described.

3.1. Inserting a line

The empty hammock graph consists of two ed
supported byL andR. The firstn lines are inserted
consecutively to construct the initial hammock gra
After n lines are inserted, each line supportsn + 2
edges,n edges betweenL andR, one edge left ofL
re drawn as
Fig. 1. The edges of a hammock graph are connected facewise. The pointers are displayed as grey arrows and the implicit vertices a
dashed circles.
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and one edge right ofR. These two additional edges
are necessary for deleting a line.

line
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can be orientated in both directions and it is important
that the new edgee′ has the same direction asei to
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As we process time series data, the newest
lk in the kth step of the construction of the initia
graph has a larger slope than any previous one a
will intersectL below all other intersections. Deno
the intersected edge onL by e1. In order to find the
intersections oflk with the linesl1, . . . , lk−1, we start
at e1 and walk around the adjacent face. For ea
edgegi , we determine the linel(gi) and calculate
the intersection point(u, v) and compare it with the
u-coordinates stored ingi . If uLeft � u � uRight, the
next edgee2 intersected bylk is found. We continue
walking around the second adjacent face frome2. In
this way we find all edgese1, . . . , ek+1 intersected by
lk including the edgeek+1 supported byR, which is
located above all other edges ofR.

Now we have to insert the new edgesf1, . . . , fk+2
supported bylk . Starting withfi , ei is dissected into
ei ande′

i and connected withfi andfi+1 according to
Fig. 2. Theu-coordinate of the new intersection poi
and the entry “line” have to be updated. Note thatei
i

ensureuLeft � uRight. The following lemma is from [7]
and also follows from the Zone Theorem [10]:

Lemma 3. A line can be inserted into a hammock
graph consisting of n lines in time O(n).

3.2. Deleting a line

In the first part of an update step, the oldest l
denoted byl1 must be deleted. As the oldest line
intersectingL above all others, the left-most edgef1
supported by linel1 can be found easily. Followin
the six pointers in Fig. 3, we can determine the ed
e′
i , fi+1, ei , a′

i , a′′
i and a′′′

i . Note that the edgesa′
i ,

a′′
i anda′′′

i exist (forn � 2) since we added addition
edges beyond the linesL and R. We have to delete
e′
i andfi and connectei with a′

i anda′′′
i . The entry

uRight of ei also has to be corrected. We proceed w
the edgefi+1 until the edgefn+2 is found. Hence, we
have shown the following:
Fig. 2. The dissection of a line needed by the insertion operation.

Fig. 3. The basic operation needed to delete a line resp. the supported edgesfi .
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Corollary 4. A line can be deleted from a hammock
graph consisting of n lines in time O(n).
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3.3. Updating the medians

We have to determine the median intersection p
on each line. As there are no vertices in the hamm
graph, we store for each lineli a median edgewi . By
convention, let the entryuRight be the current media
mi of this line.

If the line l∗ is inserted or deleted, we have
determine whether we have to move the medianmi

and, if so, into which direction. To this end, w
count the intersection points onli located left of
the current median. Considering the total num
of intersection points ofli , the new median can b
found easily. To adjust the count, we determine
position of the intersection ofli and l∗, denoted by
v∗, in the following way: Denote the intersection po
representing the medianmi by vi . Let lq be the line
intersectingli in the pointvi . We have to distinguish
four cases, which are shown in Table 1. As the ca
can be handled similarly, we just consider one ca
In the upper left case of Table 1, the slope oflq
is larger than the slope ofli and the intersection
point c of the lineslq and l∗ is located belowli , as
displayed in Fig. 4. As the inserted line has the larg
slope and the deleted line the smallest one, it follo
that v∗ is located left ofvi . Instead of determining
c directly, we additionally mark visited lines in th
insertion operation. Iflq is marked thenc is below
li , respectively above in the deletion operation. T
allows us to count the intersection points onli located
left of the current medianvi .

It may happen that the median edgewi is involved
in the insertion or deletion operation. More precise
wi may be one of the edgesei or e′

i . In this case,
we temporarily take one of the neighbors aswi and
determine the correct median edge after handling
line. Without considering the costs of the insertion a
deletion operation, only O(1) time is needed to find
the new median edge since only a constant numbe
edges has to be examined. Therefore, we obtain
following corollary:

Corollary 5. Given a hammock graph consisting of
n lines, the n medians m1, . . . ,mn can be updated in
time O(n), after one line was deleted or inserted.
deleted/inserted line with respect to the median-edgewi

c below li c aboveli

slope(lq ) > slope(li ) left right
slope(lq ) < slope(li ) right left

Fig. 4. The upper left case of Table 1 is displayed.

4. Degenerate arrangements

Updating the repeated median is of potential int
est in every application with data being collected
quentially. In case of a random design, when regre
ing one dependent variable on another random v
able, three or more points(xi, yi) can be located on
the same line. Although the probability of this occu
ring will often be small we nevertheless need to ens
that also in this degenerate case the repeated med
computed correctly. The problem is that in such sit
tions more than two lines are intersecting in one po
Such a multiple intersection point is not stored direc
in the hammock graph. Instead of this, for each pai
two lines a separate implicit vertex is stored. This le
to edges withuLeft = uRight. We call a subgraph of th
hammock anagglomeration if the coordinates of al
edges have the same value. An edgee is called abor-
der edge if exactly one implicit vertex belongs to a
agglomeration or both implicit vertices belong to d
ferent agglomerations. Since in the deletion and in
median update operation no coordinates are invol
these operations are working correctly. In the follo
ing, we analyse how an agglomeration is handled
the insertion operation.
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Lemma 6. The algorithm described in Section 3.1
inserts a line correctly even if the hammock graph
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insertion operation. There might be an agglomeration
B located aboveln that has edges withA in common.
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contains one or more agglomerations.

Proof. We will show that the lineln defined byv =
xnu + yn, which intersects one or more agglome
tions, is inserted in the same way as the linelεn de-
fined byv = xnu + yn + ε for sufficiently smallε > 0.
For that purpose, we divide the faces into three grou
A face is calledinterior if all edges of the face be
long to the same agglomeration. If only some ed
belong to an agglomeration, then the face is calledbor-
der face. The other faces are calledusual.

The new line is inserted from left to right. It i
obvious that usual faces are handled in the same
Take an arbitrary agglomerationA in which k lines
intersect and thus 2k border edges belong toA. As
lεn is located aboveA, it intersects exactlyk border
edges ofA, which are located aboveln. Consider the
first border facef belonging toA that is found and
entered on an edge that is not a border edge oA.
Recall the condition used in the insertion operation
detect if a point(u, v) is located on an edge:uLeft �
u � uRight. The insertion operation walks around t
face f in clockwise order and thus the first bord
edge left ofln and adjacent toA is found and dissected
The followingk − 1 border faces contain exactly tw
border edges that belong toA and are also found by th
Since the coordinates ofA andB are different,B does
not interfere the insertion ofln. The (k + 1)st border
face is left on a non-border edge or on a border e
that belongs to a distinct agglomeration. Thus we h
shown that the same edges in the hammock graph
dissected, no matter if we insertln or lεn. ✷

5. Experimental results and conclusions

We have described an algorithm which computes
update of the repeated median in linear time. We h
proved the correctness of the algorithm even in
case of degenerate inputs, which is important in h
risk environments like intensive care monitoring. F
practical purposes not only the asymptotical runn
time, but also the size of the constant covered in
big-O notation is important. In [6] window widths o
21 and 31 data points are considered. As forn <

155 the brute-force O(n2) algorithm is faster than
the randomized O(n logn) algorithm [2], we compare
our update-algorithm with the brute-force algorith
for small sample sizes. The experimental results
displayed in Fig. 5 and show that the algorithm
superior forn � 10.
h,
Fig. 5. Normed mean time and standard deviations for 100 updates using several window widthsn, calculated from 50 simulation runs eac
update algorithm (circle) and brute force algorithm (cross), using a Pentium III 800 MHz/512 MB.
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