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1. Introduction

Current alarm systems used for critical care monitoring are clinically unsatisfactory. Variables
such as heart rate or blood pressure are recorded at high frequency and compared to thresholds set
by the medical sta� for critical situations. These automatic alarm systems produce many false alarms
due to measurement artifacts, patient movements, or transient �uctuations around the chosen alarm
limit.

Physiologic time series monitored by current alarm systems exhibit trends, abrupt level changes
and large spikes (outliers) as well as periods of relative stability. The measurements are overlaid with
a high level of noise and many artifacts. Also, strong dynamic dependence can occur between the
variables. It is important to construct alarm rules based on the true underlying signal, i.e., on a
noise-free and artifact-free time series.

We present �ltering procedures for robust online signal extraction and discuss their merits for
preserving clinically relevant patterns such as trends, abrupt shifts and extremes and for the removal of
irrelevant spikes or outliers. Our approach uses high-breakdown linear regression methods in moving
time windows. Increased computational power and fast algorithms allow for applying these robust
regression �lters even in real time.

In the multivariate case, simply generalizing univariate robust regression methods does not result
in a�ne equivariant procedures: if the error terms of the variables are highly correlated, e�ciency is
lost for multivariate signal extraction. On the other hand, multivariate a�ne equivariant regression
methods with high breakdown usually assume that the data are in general position. However, for
intensive care data this is often not the case since the measurements are recorded on a discrete scale.

We present procedures for univariate and multivariate signal extraction which are fast, e�cient
and robust, and can be used for discretely measured data with low variability as well as in situations
with many outliers.

2. Univariate Signal Extraction

In the following, we consider a real valued time series (yt)t∈Z observed at time points t = 1, . . . , N .
For this time series a simple decomposition model can be assumed, namely

xt = µt + εt + νt , t ∈ N

where µt represents the underlying signal, εt symmetric, obervational noise and νt an outlier generating
process, causing 'spiky' noise.

A simple approach for extracting the signal is to use a moving average: In time windows of
�xed length n the average of the observations is calculated for estimation of the signal in the window
centre. Moving averages are popular since they trace trends and are very e�cient for Gaussian samples.
However, sudden level shifts are 'smeared' and outliers can cause a considerable bias.

A running median, as suggested by Tukey (1977), is robust against outliers and capable of tracing
level shifts. This �lter can resist up to [n/2] outliers within one time window but it deteriorates in
trend periods.



Since intensive care time series often show trends and shifts but also contain outliers, methods
applied to ICU data need to able to do both, trace trends and resist outlying values.

In view of the weakness of the running medians in trend periods, a better adaptation to temporal
trends is achieved by assuming the signal to be locally linear instead of locally constant (Davies, Fried,
Gather, 2004). This means, within a time window centred at time point t, the following model is
assumed:

xt+i = µt + βt i + εt,i, i = −m, . . . , m ,

where µt again denotes the underlying level of the signal and βt the slope at time t; the εt,i are
independent error terms with median zero.

The current level can either be represented by the level µt in the centre of the time window or
by the last �tted value µ̂online

t+m = µ̂t + β̂t m within one window (Gather, Schettlinger, Fried, 2006).
The choice of the window width n (or m respectively) can have a large impact on the extracted

signal: Larger window widths assure robustness against a larger number of outlying values and result
in smaller variability of the estimations, which yields a smoother extracted signal. However, they also
come with a larger bias and larger computation times. In the following, the considered window widths
of n = 21 or n = 31 seem to o�er a compromise for the bias variance trade-o�, and they are considered
acceptable for the physiological data we have to analyse.

Further, standard methods for the estimation of µt and β̂t such as least squares regression are
not suitable in the presence of outliers.

It is rather advisable to apply robust regression methods which are able to deal with a certain
amount of contamination without becoming strongly a�ected. Denoting the residuals in a window by
rt+i = xt+i − (µ̂t + β̂t i) (for i = −m, . . . , m), we compare the regression methods listed below for
application to intensive care time series.

Apart from the well-known L1−Regression (Edgeworth, 1887), Least Median of Squares
regression (LMS), introduced by Hampel (1975) and investigated in more detail by Rousseeuw (1983),
was one of the �rst highly robust regression methods and hence shall be of special interest in the
following. The LMS is de�ned by

(µ̃LMS
t , β̃LMS

t )′ = argmin
µ̃t,β̃t

{
m

med
i=−m

{r2
t+i}

}
.

Replacing the sum in the least squares approach by a median is not only an intuitively nice way of
achieving robustness but also results in an estimator exhibiting several merits: The LMS is regression-
, scale- and a�ne equivariant, and if the data are in general position it has a breakdown point of
bn/2c/n, which is the maximum breakdown point among all regression equivariant estimators. Further,
it possesses the exact �t property and has minimax bias in the class of 'residual admissible' estimates
(Yohai, Zamar, 1993), a class which contains M -, S-, τ -, the LMS, the LTS and some R-estimates.

However, the Gaussian e�ciency of the LMS amounts only to 20 − 25% for small sample sizes
and it gets even worse for increasing n. Also, the LMS has a rather low convergence rate of n−1/3 and
peaks or discontinuities around the quartiles of the in�uence function and sensitivity curve (Davies,
1993; Sheather, McKean, Hettmansperger, 1997). This causes unbounded in�uence and sensitivity
w.r.t the e�ects of centrally located x-values and could also account for instabilities of the LMS w.r.t.
small changes of centrally located data (e.g. Hettmansperger, Sheather, 1992).

Further, its exact solution is sometimes hard to compute as the objective function can exhibit
several local minima; a straightforward implementation would thus need O(n4) computation time
(Stromberg, 1993). Using the results from Edelsbrunner and Souvaine (1990), Bernholt (2005) was
able to improve the LMS algorithm to O(n2) taking up O(n2) storage space.



Repeated Median (RM) regression (Siegel, 1982) is another highly robust regression technique
with regression estimates de�ned by

β̃RM
t =

m
med
i=−m

{
med
j 6=i

yi − yj

i− j

}

µ̃RM
t =

m
med
i=−m

{
xt+i − β̃RM

t i
}

.

Like the LMS it has a breakdown point of bn/2c/n, possesses the exact �t property, and it is
regression-and scale-equivariant. Further it is equivariant w.r.t. a�ne transformations of the response
but lacks equivariance w.r.t. a�ne transformations of the explanatory variable.

An exact straightforward algorithm would need O(n2) computation time (Siegel, 1982), but
applying the RM to moving time windows an update of the estimates can be achieved in linear time
(Bernholt, Fried, 2003). Here, the term 'update' means that estimation takes place by using the stored
information from the last time window - only inserting the new information given by the most current
data point and deleting that of the oldest data point. Thus, update algorithms save computation time
as the estimates do not have to be calculated for each window from scratch.

Another regression technique included in the comparisons below is Least Trimmed Squares
(LTS) regression (Rousseeuw, 1983), de�ned by

(µ̃LTS
t , β̃LTS

t )′ = argmin
µ̃t,β̃t

h∑

k=1

(r2
t )k:n ,

where (r2
t )k:n denotes the kth ordered squared residual for the current time window.

Letting h = bn/2c+ 1, the LTS yields the same �nite sample breakdown point as the LMS, i.e.
bn/2c/n. The LTS is also regression-, scale- and a�ne equivariant and possesses the exact �t property.

A straightforward implementation of the LTS algorithm would take O(n3 log n) computation
time and O(n2) memory space (Hössjer, 1995). However, for the comparisons, an algorithm requiring
O(n2) time and O(n2) storage space is used.

The last method to be included in the comparisons is Deepest Regression (DR) (Rousseeuw
and Hubert, 1999), de�ned by

(µ̃DR
t , β̃DR

t ) = argmax
µ̃t,β̃t

{
rdepth

(
(µ̃t, β̃t),xt

)}

with the regression depth rdepth of a �t (µ̃t, β̃t) at a sample xt = (xt−m, . . . , xt+m)′ de�ned as
(
(µ̃t, β̃t),xt

)
= min

−m≤i≤m

{
min{L+

t (i) + R−
t (i), R+

t (i) + L−t (i)}
}

with L+
t (i) = L+

t,µ̃t,β̃t
(i) = #

{
j ∈ {−m, . . . , i } : rt+j(µ̃t, β̃t) ≥ 0

}

and R−
t (i) = R−

t,µ̃t,β̃t
(i) = #

{
j ∈ {i + 1, . . . , m} : rt+j(µ̃t, β̃t) < 0

}
,

with L−t (i) and R+
t (i) de�ned similarly.

In contrast to LMS, LTS and RM regression, this method only has a breakdown point of about
1/3, but it is also regression-, scale- and a�ne equivariant. Straightforward computation would need
O(n3) time, but we make use of an update algorithm which only needs O(log2 n) time and O(n) storage.



3. Comparisons for Univariate Signal Extraction - Simulations

All of the methods described above are robust w.r.t. outlying values. Tab. 1 lists the values for
k?, the smallest number of contaminated observations within a window of size n = 21 or n = 31 which
can cause a spike of any size in the extracted signal,

k? = min {k : sup{‖ T (z)− T (x) ‖, z ∈ Uk(x)} = ∞}

with Uk(x) = {z = (z1, . . . , zn) : ]{i : zi 6= xt+i} = k}.
Clearly, the methods with maximum breakdown point, namely LMS, LTS and RM are preferable

to Least Squares regression where one outlier can cause already arbitrary large bias.

k? L2 L1 LMS LTS RM DR
n = 21 1 7 10 10 10 ≥ 6
n = 31 1 10 15 15 15 ≥ 10

Tab. 1: Smallest number of contaminated observations which can cause a spike of any
size in the extracted signal.

Comparisons of the methods by their �nite sample e�ciencies at standard normal data with some trend
(βt = 0.1) and no trend (βt = 0) show that the LMS has with about 20− 25% the lowest e�ciency of
all methods. Further it can be seen that the regression based methods are much more e�cient than a
simple median �lter in trend periods.
Tab. 2 displays the �nite sample e�ciencies of the di�erent online estimates µ̂online

t relative to the
least squares estimate at situations with no trend (βt = 0) and standard normal errors, heavy-tailed
errors from a rescaled t3-distribution with unit variance and shifted lognormal errors with median zero
and unit variance.

LMS LTS RM DR
standard normal n = 21 23.0 22.4 70.5 61.8

errors n = 31 21.1 20.1 69.5 61.0
rescaled t3 n = 21 57.7 56.2 143.7 136.5

errors n = 31 57.9 56.6 150.3 142.4
shifted lognormal n = 21 44.2 43.1 99.7 92.8

errors n = 31 35.1 33.4 85.0 78.4

Tab. 2: Finite sample e�ciencies for the online estimates µ̂online
t relative to least squares.

We see quite clearly in Tab. 2, that in terms of e�ciency, RM performs best while DR is not much
worse. Particularly in the non-normal situations, these robust methods can even outperform least
squares while LMS and LTS are still much worse.
Further simulations compare the performance of the di�erent methods at situations with standard
errors and (a) an increasing number of outliers at random time points within a time window of size
n = 21 and (b) a patch of outliers, i.e., an increasing number of outliers of the same size at subsequent
time points at the end of a time window (n = 21), indicating a so called 'level shift'. For online
monitoring, it is of special importance to trace sudden shifts of the signal because it may point at an
abrupt change of the patient's state of health.
The performance of the estimates is measured by their estimated standard deviation, the bias w.r.t.
the true signal level (i.e. zero) and the root mean squared error.
For the situations with outliers at random time points within the window, one would wish all curves
to stay as close to zero as possible (small bias and small variability). Fig. 1(a) shows �rst that the



di�erence in the outcomes of LMS and LTS regression is negligible, and also that the results for RM
and DR are quite similar.
LMS and LTS generally have the smallest bias and also the smallest standard deviation and root MSE
for a large number of medium-sized or large outliers. On the other hand, RM and also DR have the
smallest standard deviation and root MSE when the outliers are small in number or magnitude.
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Fig. 1: Standard deviation, bias and root MSE of the online estimates µ̂online
t at standard

normal data with outliers (a) at random time points and (b) at subsequent time points at
the end of a window of size n = 21.

For the situations with consecutive outliers at the end of the window, it is desirable to �nd a method
which is as little in�uenced by the outlying pattern as possible, if the number of outliers is small.
However, since a larger patch might indicate a relevant change in the data structure, a larger bias does
not indicate worse performance of the method but rather the ability to trace sudden shifts. A method
which searches a compromise between the 'good' or the 'old' values respectively and the outlying
pattern will not be able to track the sudden shift but will 'smear' the transition from one state to the
other.
Fig. 1 (b) shows again the similarities between LMS and LTS as well as between RM and DR. Here,
RM and DR show the best performance in terms of variability for any number of outliers, while LMS
and LTS have a smaller bias. For a larger number of medium-sized or large outliers LMS and LTS
have the smallest root MSE. In all other situations, RM and DR outperform them.

(a) (b)
LMS LTS RM DR

n = 21 0.161 0.161 0.035 0.747
n = 31 0.323 0.324 0.049 0.956

LMS LTS RM DR
time O(n2) O(n2) O(n) O(n log2 n)

memory space O(n2) O(n2) O(n2) O(n)

Tab. 3: (a) Simulated mean computation time of an update in milliseconds and (b)
asymptotic computation time and memory space.

In terms of computation times, the simulated as well as the asymptotic values shown in Tab. 3 (a)
and (b) show the advantage of the RM update algorithm by Bernholt and Fried (2003).



4. Comparisons for Univariate Signal Extraction - Applications

(a) (b)

0 50 100 150 200 250

0

5

10

Time Series with Standard Normal Noise and 10% Positive Outliers

time

Underlying signal
LMS online estimate
LTS online estimate

0 50 100 150 200 250

0

5

10

time

Underlying signal
RM online estimate
DR online estimate

0 50 100 150 200 250
20

25

30

35

40

Time Series of a Mean Pulmonary Artery Blood Pressure

time

Time series
LMS online estimate
LTS online estimate

0 50 100 150 200 250
20

25

30

35

40

time

Time series
RM online estimate
DR online estimate

Fig. 2: Comparison of the regression �lters at (a) a simulated and and (b) a real physio-
logical time series.

Fig. 2 (a) shows a simulated time series with a signal which contains constant periods, trends, trend
changes as well as a level shift. The signal is overlaid with standard normal noise and 10% positive
additive outliers of size 5 at random time points.
Fig. 2 (b) depicts an extract of 250 measurements of a mean pulmonary artery blood pressure from
an intensive care patient observed at a frequency of once per minute (in mmHg).
Both panels in Fig. 2 show that the di�erences in the outcomes between LMS and LTS regression are
negligible, and also that there is little di�erence between the RM and DR �lters. All �lters estimate
the signal well in constant and trace trend changes and shifts.
The LMS and LTS �lters capture the suddenness of a shift but over-estimate the signal right after the
shift. The RM and DR �lters have a shorter time delay for the shift detection but therefore 'smear'
shifts.
While the LMS and LTS estimates also tend to be more in�uenced by moderate data variation, the
RM and DR �lters yield smoother online signal estimations.
In conclusion, an LMS (or LTS) �lter is considered the best choice for univariate online signal extraction
if the series is to contain many large outliers, many shifts and it is feasible to estimate the current
signal with some (small) time delay. For fully online signal estimation at trended time series with
maximally moderately sized outliers, an RM �lter is to be recommended, taking into account its fast
computation.

5. Multivariate Signal Extraction

Extracting the signals for each time series observed at one patient separately disregards the
dependence between physiological variables. Therefore, the univariate approaches should be generalised
to the multivariate case.

Koivunen (1996) proposes a highly robust procedure which is based on a gliding minimum co-
variance determinant (MCD) location estimator. However, ICU data often show periods with strong
trends and therefore regression based methods should be preferred to location based methods, because
they produce smaller bias in such periods.

Analogously to the univariate case, a local linear model within a time window of length n = 2m+1
is assumed:

x(t + i) = µ(t) + β(t) i + ε(t, i) + η(t, i) , i = −m, . . . , m,



with µ(t) = (µ1(t), . . . , µk(t))T denoting the k−variate signal, ε(t) ∈ Rk the errors, and ν(t) ∈ Rk an
outlier generating process. Thus, for each time window a multivariate regression problem has to be
solved.

Simply generalising the univariate regression techniques to the multivariate case generally results
in methods which are not a�ne equivariant. If there are correlations between the error components
such estimators lose some e�ciency.

Robust multivariate regression techniques such as MCD regression (Rousseeuw, Van Aelst, Van
Driessen, Agulló, 2004) or multivariate LTS regression (Agulló, Croux, Van Aelst, 2007) are based
on the MCD functional. However, currently existing algorithms for the MCD use heuristics and need
much computation time, but for application in intensive care fast and exact algorithms are required for
reliable real-time signal extraction. Furthermore, the requirement that the data are in general position
is often not ful�lled for intensive care data.

To overcome these di�culties, Lanius (2005) proposes a new multivariate �ltering procedure
assuming that every single component µj(t), j = 1, . . . , k of the multivariate time series is locally
linear.

Within each time window {x(t + i), i = −m, . . . , m} the signal is �rst approximated by k lines
using a univariate robust regression technique to determine µ̂j(t) and β̂j(t) for each j = 1, . . . , k.
Resting upon the results for univariate signal extraction, either the RM or the LMS seems to be a
suitable choice here. For the resulting multivariate residuals r(t + i) = x(t + i) − µ̂(t) − iβ̂(t) a
modi�ed orthogonalised Gnanadesikan-Kettenring estimator (Maronna, Zamar, 2002) is used for a
robust estimation of Σ(t), the covariance matrix of the error terms. Using the estimated covariance
matrix, the Mahalanobis distance r(t+i)T Σ̂(t)−1r(t+i) of all multivariate residuals is determined, and
observations for which the corresponding residuals have a Mahalanobis distance larger than a certain
constant dn are trimmed from the sample. To accomodate for the correlation structure between the
variables, the last step applies a multivariate least squares regression to the remaining observations in
the local time window for estimation of the current signal level.

In short time windows this procedure is even more e�cient than the MCD-based regression
techniques. Also, it is feasible for the intensive care data and fast to compute.

6. Conclusions

For univariate signal extraction, the LMS �lter o�ers the highest robustness against many large
outliers and is able to track level shifts and trend changes well. The RM �lter slightly smoothes such
changes. Nevertheless, the repeated median is considered the best choice for signal extraction as it not
only o�ers considerable robustness against outliers but is also stable w.r.t. moderate variations in the
data. Additionally, computation of the RM �lter is with the O(n) update algorithm from Bernholt
and Fried (2003) much faster than the fastest exact O(n2) LMS algorithm (Bernholt, 2005).

The advantages of the univariate techniques, particularly the high robustness and fast compu-
tation, directly transfer to the described multivariate signal extraction procedure which additionally
takes into account possible dependence between the variables.
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ABSTRACT (RÉSUMÉ)

We present procedures for online signal extraction from intensive care data. These �ltering meth-
ods use high-breakdown linear regression methods in moving time windows. In particular, we concentrate
on the performance of Least Median of Squares (LMS) and Repeated Median (RM) regression in this
context. Comparing those to other robust regression techniques, we discuss their merits for preserving
clinically relevant patterns such as trends, abrupt shifts and extremes and for the removal of irrelevant
spikes or outliers.


