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Abstract The approach of Kiefer-Wolfowitz is used to construct D-optimal designs
for lifetime experiments with exponential distribution and censoring. If the expected
life time is simply reciprocal to the stress then the optimaldesign does not depend on
the unknown parameter and the censoring. However, the situation is more compli-
cated for the more often used assumption that the logarithm of the expected lifetime
is linear in the stress. Conditions are given here where the locally D-optimal designs
for experiments with censoring coincide with those in the classical approach of nor-
mally distributed errors. In particular this is the case when the censoring variable is
not too small and the slope of the regression is not too large.

1 Introduction

Often the expected lifetimeE(T (s)) of a product depends on the stresss via a given
link function. Here it is assumed that this function is knownup to a parametervec-
tor θ . We assume thatN lifetime experiments at different stress levelssn ∈ S for
n = 1, . . . ,N are executed and that the lifetimeTn of the product shall be observed
in each lifetime experiment. However, if the stress is too low then often the lifetime
cannot be observed since the time up to the event, the ”death”, is too long. There-
fore usually a timec is fixed at which the lifetime experiment is stopped. Then the
only information is that the product has survived the timec. Such observations are
socalled censored observations. It is clear that the censored observations should also
be used in an analysis of lifetime data. Therefore define

Yn :=

{
Tn, if Tn ≤ c,
c, if Tn > c,

and Dn :=

{
1, if Tn ≤ c,
0, if Tn > c.
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Then (Y1,D1,s1), . . . ,(YN ,DN ,sN) are the available informations whereDn is the
censoring variable. Let betn, yn, anddn the realizations ofTn, Yn andDn respec-
tively andy∗ = (y1, . . . ,yN)⊤, d∗ = (d1, . . . ,dN)⊤, s∗ = (s1, . . . ,sN)⊤. The likelihood
function is then given by (see e.g. [9] p.75)

Lθ (y∗,d∗,s∗) :=
N

∏
n=1

fθ ,sn(yn)
dnSθ ,sn(yn)

1−dn

if fθ ,s is the lifetime distribution density at stresss and

Sθ ,s(t) :=
∫ ∞

t
fθ ,s(u) du

the survival function at timet and stresss.
There is a vast literature on planning and analysis of lifetime experiments due

to their importance in practice. Often the planning concerns only the construction
of sampling plans like in [10] or the censoring mechanism by removing units after
some failure events like in [12], [14], or [15]. In other cases, like in [3], the planning
concerns the analysis of a specific lifetime experiment. Only few papers deal with
the optimal planning of the stress variables. Bai and Chung [2] consider the con-
struction of optimal two-point designs for experiments where the number of failures
up to a given time point is observed. They use the Poisson distribution to model
the number of failures. Ahmad et al. [1] determine numerically locally optimal de-
signsαes1 + (1−α)es2 with s1 ∈ (s0,s2), wheres0,s2 are given, if the lifetime
is modeled by the exponentiated Weibull distribution. However, they assume that
only the scale parameter of the exponentiated Weibull distribution is unknown and
that the lifetime is measured ink units. Bai and Chung as well as Ahmad et al. do
not use the equivalence theorems of Kiefer and Wolfowitz [8]and Fedorov [5] for
constructing D- and A-optimal designs, respectively. D-optimal designs for lifetime
experiments are developed by Das and Lin [4]. But they assumea lognormal dis-
tribution for the lifetime and taking the logarithm of the lifetime they can use the
usual theory for normally distributed observations. Theirnew contribution is the as-
sumption of correlated errors. As far as the author knows, there are only two papers
using the equivalence theorems of Kiefer and Wolfowitz [8] and Fedorov [5] for
constructing D- and A-optimal designs for censored observations or lifetime exper-
iments. López-Fidalgo and Garcet-Rodrı́guez [6] derive optimal designs when the
independent variable is censored. But in lifetime experiments, as considered in this
paper, the dependent variable is censored. Pal and Mandal [11] construct optimal
designs for the stress strength reliabilityP(X < Y |Z) where both, the stressX and
the strengthY , have an exponential distribution.

In this paper, we consider also the exponential distribution which is the simplest
lifetime distribution so that

fθ ,s(t) = λθ (s)exp(−λθ (s)t)
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is the lifetime density. Here the link functionλθ : S → (0,∞) is known up to the
parameter vectorθ . The expected lifetime is then

Eθ (Tn) =
1

λθ (sn)
.

Simple reasonable functions forλθ are the following:

λθ (s) = θ s, θ ∈ (0,∞), (1)

λθ (s) = exp(θ0 + θ1s), θ = (θ0,θ1)
⊤ ∈ ℜ× (0,∞). (2)

Both functions ensure that the expected life time is decreasing with increasing stress
s. The function given by (1) provides an infinite life time if there is no stress while
function (2) is more flexible with a finite expected life time for no stress. Function
(2), also used in [1], means that the logarithm of the expected life time is linear
which is an assumption often used by engineers (see e.g. [7],p.25).

We consider here the problem of constructing optimal designs of the stress levels
for the maximum likelihood estimator ofθ

θ̂ := arg max
θ

Lθ (y∗,d∗,s∗).

In Section 2, the information matrix for this estimator is given. Section 3 deals then
with the optimal design forλθ given by (1) and Section 4 provides locally D-optimal
designs forλθ given by (2).

2 The information matrix

Since the survival function for the exponential distribution satisfiesSθ ,s(t) =
exp(−λθ (s)t), the loglikelihood function has the form

logLθ (y∗,d∗,s∗) = ∑
dn=1

(logλθ (sn)−λθ (sn)yn)+ ∑
dn=0

(−λθ (sn)c) =
N

∑
n=1

l(θ ,tn,sn)

with
l(θ ,t,s) := (logλθ (s)−λθ (s)t)1[0,c](t)−λθ(s)c1(c,∞)(t).

The maximum likelihood estimator̂θ is a solution of

N

∑
n=1

l̇(θ̂ ,tn,sn) = 0,

where

l̇(θ ,t,s) :=
∂

∂θ
l(θ ,t,s) =

∂
∂θ

λθ (s)

[(
1

λθ (s)
− t

)
1[0,c](t)− c1(c,∞)(t)

]
.
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Set also

l̈(θ ,t,s) :=
∂

∂θ
l̇(θ ,t,s) =

∂ 2

∂ 2θ
λθ (s)

[(
1

λθ (s)
− t

)
1[0,c](t)− c1(c,∞)(t)

]

+
∂

∂θ
λθ (s)

∂
∂θ

λθ (s)⊤
(
− 1

λθ (s)2

)
1[0,c](t).

Note that we have for anyλ > 0

∫ c

0

(
1
λ
− y

)
λ e−λ ydy− c

∫ ∞

c
λ e−λ ydy = 0, (3)

∫ c

0

(
1
λ
− y

)2

λ e−λ ydy + c2
∫ ∞

c
λ e−λ ydy. =

1
λ 2

(
1− e−λ c

)
. (4)

Equation (3) impliesEθ (l̇(θ ,Tn,sn)) = 0 for all stress levelssn so that the maxi-
mum likelihood estimator is not biased. If the stress is a random variableS with
distributionδ and the conditional distribution of the life timeT given S = s is an
exponential distribution with parameterλθ (s), then equations (3) and (4) imply

Eθ

(
l̇(θ ,T,S) l̇(θ ,T,S)⊤

)

=
∫

1
λθ (s)2

(
1− e−λθ(s)c

) ∂
∂θ

λθ (s)
∂

∂θ
λθ (s)⊤δ (ds) = − Eθ

(
l̈(θ ,T,S)

)
.

If the concrete design measureδN = ∑N
n=1esn , wherees is the Dirac measuere ons,

is converging to the design measureδ then the maximum likelihood estimator has
an asymptotic normal distribution with varianceEθ (l̇(θ ,Tn,sn)l̇(θ ,Tn,sn)

⊤)−1, i.e.

√
N(θ̂ −θ )

N→∞−→ N
(
0, Iθ (δ )−1)

,

where

Iθ (δ ) :=
∫

1
λθ (s)2

(
1− e−λθ(s)c

) ∂
∂θ

λθ (s)
∂

∂θ
λθ (s)⊤δ (ds)

is the information matrix at the designδ (see e.g. [13] p.421–428).

3 Optimal designs if λθ (s) = θs

Here the information is

Iθ (δ ) =

∫
1

θ 2

(
1− e−θsc

)
δ (ds).
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Since 1−e−θsc is strictly increasing ins, the information is maximized if the design
puts all its mass on the largest possible value for the stress, i.e. the optimal design
on a design regionS = [Sl,Su] uses only the upper valueSu. However, as soon as
there is no censoring, i.e.c = ∞, then it does not matter which stress levels are used.

4 Locally D-optimal designs if λθ (s) = exp(θ0+θ1s)

Setting

xθ (s) :=
√

1− e−exp(θ0+θ1 s)c

(
1
s

)
=

√
1− e−k exp(θ1 s)

(
1
s

)

with k := c exp(θ0), the information matrix can be expressed here by

Iθ (δ ) =
∫ (

1− e−k exp(θ1 s)
)(

1 s
s s2

)
δ (ds) =

∫
xθ (s)xθ (s)⊤δ (ds).

To derive locally D-optimal two-point designs on[0,Su], let be 0≤ s1 < s2 ≤ Su and

setXθ :=

(
xθ (s1)

⊤

xθ (s2)
⊤

)
. Thenδs1,s2 := 1

2es1 + 1
2es2, wherees is the Dirac measure on

s, is D-optimal within all designs with supports1 ands2 since with the equivalence
theorem of D-optimality [8] we have

xθ (si)
⊤Iθ (δs1,s2)

−1xθ (si) = u⊤i Xθ

(
1
2

X⊤
θ Xθ

)−1

X⊤
θ ui = 2

for i = 1,2 (hereui denotes thei’th unit vector inℜ2). The determinant of the infor-
mation matrix of a designδs1,s2 is given by

det(Iθ (δs1,s2)) =
1
4

(
1− e−k exp(θ1 s1)

)(
1− e−k exp(θ1 s2)

)
[s2− s1]

2
.

Theorem 1. Let be k := cexp(θ0) > 0. Then δ0,Su = 1
2e0 + 1

2eSu is the D-optimal
design within all two-point designs on S = [0,Su] if and only if θ1 ≤ 2

k Su
(ek −1).

Proof. Since 1− e−k exp(θ1 s) is strictly increasing ins, det(Iθ (δs1,s2)) is maximized
with respect tos2 ∈ (s1,Su] for any givens1 ∈ [0,Su] if and only if s2 = Su. Therefore
we have only to determines ∈ [0,Su] so that det(Iθ (δs,Su)) is maximized. This is
equivalent of maximizing

g(s) =
(

1− e−k exp(θ1s)
)

[Su − s]2.

Since we have
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g′(s) = e−k exp(θ1s) k θ1 exp(θ1 s)[Su − s]2−2
(

1− e−k exp(θ1s)
)

[Su − s],

δ0,Su can be only D-optimal if

0≥ g′(0) = e−k k θ1S2
u −2

(
1− e−k

)
Su ⇐⇒ e−k k θ1 Su ≤ 2

(
1− e−k

)
.

This is equivalent withθ1 ≤ 2
k Su

ek
(
1− e−k

)
= 2

k Su
(ek −1). Henceδ0,Su is not D-

optimal if θ1 >
2

k Su
(ek −1). To prove thatδ0,Su is indeed the D-optimal two-point

design forθ1 ≤ 2
k Su

(ek −1), it is sufficient to prove thatg is strictly decreasing on
[0,Su]. To showg′(s) < 0, we need the monotonicity of some auxiliary functions:
a) We have forh1(k) := 1− ek + k ek − k2ek

h′1(k) = −ek + ek + k ek −2k ek − k2ek = −k ek − k2ek
< 0

so thath1 is strictly decreasing fork > 0. Since obviouslyh1(0) = 0, it holds
h1(k) < 0 for all k > 0.
b) Now considerh2(k) := 2

k (ek − 1)− 1− 2ek. The rule of L’Hospital provides
limk↓0 h2(k) = −1. Thenh2(k) < 0 for all k ≥ 0 follows with a) from

h′2(k) = − 2
k2 (ek −1)+

2
k

ek −2ek = 2k2 h1(k) < 0.

c) θ1 ≤ 2
k Su

(ek −1) and b) imply forg1(s) := θ1[Su − s]−1−2ek exp(θ1s)

g1(0) = θ1 Su −1−2ek

≤ 2
k Su

(ek −1)Su −1−2ek =
2
k
(ek −1)−1−2ek = h2(k) < 0

for all k ≥ 0. Because of

g′1(s) = −θ1−2ek exp(θ1s) k θ1 exp(θ1s) < 0,

we haveg1(s) < 0 for all k ≥ 0, s ≥ 0.
d) θ1 ≤ 2

k Su
(ek −1) implies forg2(s) := k θ1 exp(θ1 s)[Su − s]+2−2ek exp(θ1s)

g2(0) = k θ1 Su +2−2ek ≤ k
2

k Su
(ek −1)Su +2−2ek = 2ek −2+2−2ek = 0.

Moreover, with c) we obtain

g′2(s) = k θ 2
1 exp(θ1 s)[Su − s]− k θ1 exp(θ1 s)−2ek exp(θ1s) k θ1 exp(θ1s)

= k θ1 exp(θ1 s)
[
θ1 [Su − s]−1−2ek exp(θ1s)

]
= k θ1 exp(θ1 s)g1(s) < 0

so thatg2 is strictly decreasing from a valueg2(0) ≤ 0 which impliesg2(s) < 0 for
all k > 0, s > 0.
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e) Finally, we have

g′(s) = [Su − s]e−k exp(θ1s) [k θ1 exp(θ1 s)[Su − s]+2]−2[Su− s] < 0

⇐⇒
e−k exp(θ1s) [k θ1 exp(θ1 s)[Su − s]+2] < 2

⇐⇒
k θ1 exp(θ1 s)[Su − s]+2< 2ek exp(θ1s) ⇐⇒ g2(s) < 0

so that d) provides the assertion.⊓⊔

To prove thatδ0,Su is D-optimal within all designs onS = [0,Su], the property

2 ≥ xθ (s)⊤Iθ (δ0,Su)
−1xθ (s) (5)

=
2
S2

u

(
1− e−k exp(θ1s)

) (
(Su − s)2

1− e−k +
s2

1− e−k exp(θ1 Su)

)

must be shown for alls ∈ [0,Su] according to [8] where equality holds only fors = 0
ands = Su. The equality is indeed always satisfied fors = 0 ands = Su. Set

q(s) :=
(

1− e−k exp(θ1s)
) (

(Su − s)2

1− e−k +
s2

1− e−k exp(θ1Su)

)
.

A necessary condition for the D-optimality ofδ0,Su is thenq′(0) ≤ 0.

Lemma 1. q′(0) ≤ 0 if and only if θ1 ≤ 2
k Su

(ek −1).

Hence the conditionθ1 ≤ 2
k Su

(ek − 1) implies not only thatδ0,Su is the locally
D-optimal design within all two-point designs on[0,Su] but also the necessary con-
dition for D-optimality ofδ0,Su within all designs on[0,1]. Several plots ofq(s) for
different values ofθ1 andk with θ1 ≤ 2

k Su
(ek −1) showed thatq is first decreasing

and then increasing on[0,Su] so that (5) should be satisfied. However, the author
was not able to prove it until now.

As soon asθ1 >
2

k Su
(ek−1) holds, then the locally D-optimal two-point design is

of the formδs(θ1,k),Su with 0 < s(θ1,k) < Su. The lower pointss(θ1,k) depending on
θ1 are shown in Fig. 1 fork = 0.5,1,2,3 andSu = 1. The conditionθ1 >

2
k Su

(ek −1)

is in particular satisfied ifk is small. The quantityk := c exp(θ0) is small if the
censoring variablec or the regression parameterθ0 is small. A smallθ0 means a
high expected lifetime ats = 0 which provides a high probability of censoring. Then
it is reasonable to make the observations at higher stress levelss(θ1,k) > 0 so that
the probability of censoring is smaller. But since2k Su

(ek −1) ≥ 2
Su

for all k ≥ 0, the
censoring variable as well asθ0 have no influence on the D-optimal design as soon
asθ1 ≤ 2

Su
. The conditionθ1 >

2
k Su

(ek−1) is also satisfied ifθ1 is large. In this case,
the expected lifetime decreases so rapidly with growing stress that observations at
s(θ1,k) > 0 provide more information than at 0 where observations are censored
with higher probability.
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Fig. 1 Lower pointss(θ1,k)
of the D-optimal two-point
designs on [0,1].
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